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Abstract 

There is a huge need in general relativity for a consistent and useful 
mathematical theory defining the multiplication of tensor distributions 
in a geometric (diffeomorphism invariant) way. Significant progress 
has been made through the concept of Colombeau algebras, and the 
construction of full Colombeau algebras on differential manifolds for 
arbitrary tensors. Despite the fact that this goal was achieved, it does 
not incorporate clearly enough the concept of covariant derivative and 
hence is of a limited use. 

We take a different approach: we consider any type of preference 
for smooth distributions (on a smooth manifold) as nonintuitive, which 
means all our approach must be based fully on the Colombeau equiv- 
alence relation as the fundamental feature of the theory. After tak- 
ing this approach we very naturally obtain a canonical and geometric 
theory defining tensorial operations with tensorial distributions, in- 
cluding covariant derivative. This also happens because we no longer 
need any explicit canonical geometric construction of Colombeau al- 
gebras. The big advantage of our approach lies also in the fact that 
it brings a physical insight into the mathematical concepts used and 
naturally leads to formulation of physics on (what we call) piecewise 
smooth manifolds, rather than on smooth manifold. This brings to 
the language of physics much higher symmetry (in the same way as 
turning from Poincare invariance to diffeomorphism invariance), and 
is compatible with our intuition, that "pointwise" properties in some 
metaphorical sense "do not matter". 
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1 Introduction 



In our view there are the following basic reasons why one shall work with the 
language of distributions rather than with the old language of functions: 

First there is a deep physical meaning to work with distributions rather 
than with smooth tensor fields. Distributions should not only be a convenient 
tool to do computations in the cases, in which one cannot use the old standard 
differential geometry, but in comparison to the old language of functions we 
consider them to be mathematical objects much more accurately expressing 
what one measures in physics. The point is that the question: "What is the 
'amount' of physical quantity at some open set?" is in our view a much more 
reasonable physical question (reasonable from the point of view, what we can 
ask the experimentalists to measure), as the question: "How is the quantity 
at a given point?" . But "point values" as "recovered" by delta distributions 
do seem to give the different and reasonable meaning to the last question. It is 
also a strong intuition that the "amount" of physical quantity on the open set 
AiU A2, where Ai, A2 are disjoint is the sum of "amounts" of that quantity 
on Ai and A2, hence it is appropriate to speak rather about distributions 
than about general smooth mappings from functions to real numbers (the 
mappings should also be linear). 

The second reason is that the real applications confirm the need for a 
much richer language as is the language of smooth tensor fields. Actually 
when we look for physically interesting solutions it might be always a matter 
of importance to have a much larger class of objects available as is the class 
of smooth tensor fields. 

The third reason (which is a bit more speculative) is the relation of the 
language defining the multiplication of distributions to quantum gravity. 
This is a question of considerable importance, since usually the problems 
requiering distributions, that means problems going beyond the language 
of the old differential geometry, are the short scale ones. But understand- 
ing some operations with distributions, specifically their multiplication has 
a large impact on quantum field theorjfl, particularly on the problem with 
interacting fields. Hence solving these questions can have significant conse- 
quences for quantizing gravity as well. 

The considerations about language intuitiveness lead us to an interesting 
conclusion: the language of distributions (being connected with our intu- 
itions) strongly suggests that properties of what we can see as classical 
tensor fields should not matter on the sets having any L-measure (we de- 

"'^It might be expected in the case of Algebraic Quantum Field Theory, where they work 
with distributional operators. 
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fine it further, it is an analogue of Lebesgue measure in R"). But following 
our intuition that in the specific sense "points do not matter" , or "points do 
not have any real physical meaning", we shall naturally expect that we will 
be able to generalize our language from a smooth manifold into a piecewise 
smooth manifold (which will bring higher symmetry to our concepts). The 
first traces of piecewise smooth coordinate transformations are already seen 
for example in |17] . 

Now it is worth noticing how strange is the situation within the theory 
of distributions: we have a useful and meaningful language of distributions, 
which can be geometrically generalized, but this language works only for 
linear physics. But linear physics is only a starting point (or at best rough 
approximation) to describe the real interactions, and hence the nonlinear 
physics. So one naturally expects that the language of distributions will be 
a result of some mathematical language defining their multiplication. More- 
over, at the same time we want this language to contain the old language of 
differential geometry (as its specific case), as it is in the case of distributions 
and linear theories. It is quite obvious that one vertex of this square diagram 
should be resolved. The practical need of this language is obvious as well, as 
we see in the numerous applications [IHlIIllIISlElESlEHlEOlEI] (but this is 
not the main motivation of our work). 

The main motivation of this work is the development of the language of 
distributional tensors, strongly connected with the physical intuition (this 
means it has to also be based on the concept of piecewise smooth manifold), 
defining all the basic tensorial operations in the generalized way, enabling us 
to understand the previous results and the problems attached to them. It is 
worth stressing that most of this motivation results from a shift in views in 
the field of foundations of physics (so it is given by "deeper" philosophical 
reasons), by having an impact on the practical physical questions as well, 
but the size of this impact has still to be explored. We claim that the 
goals described as our motivation are achieved in this paper. Particularly we 
generalized all the basic concepts from smooth tensor field calculus (including 
the fundamental concept of covariant derivative) in the two basic directions: 

a) First generalization goes in the direction of the class of objects being 
constructed from the maps in every chart given as integrals from some 
piecewise continuous functions, and this class we call L'^^(M). 

b) Second generalization is a generalization to the class of objects nat- 
urally connected with a smooth manifold belonging to our piecewise 
smooth manifold (in the sense that the smooth atlas of the smooth 
manifold is a subatlas of our piecewise smooth atlas). This is a good 
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analogy to the generalization known from the classical distribution the- 
ory. The class of such objects we call D'^j^,^^{M). 

Our calculus is in our opinion the most natural and straightforward con- 
struction achieving these two particular goals. The fact, that such a natural 
construction seems to exist supports our faith in practical meaning of the 
mathematical language later developed. But apart from that fact, part of 
the goal of this paper is also to suggest much more ambitious, natural gener- 
alizations, which are unfortunately at present only in the form of conjectures. 
We provide the reader later in the text with such conjectures. 

Now one of the main points: What is the relation of our approach to the 
achievements of the standard Colombeau algebra approach ^ 0, ET] (being 
already geometrically formulated and incorporating arbitrary rank tensorial 
distributions in the canonical way [IHl [20l [TH HSl |31]) ? The basic point 
is that our approach is fully based on the Colombeau equivalence relation 
reformulated to our language. This means we take and use only that par- 
ticular feature of the Colombeau theory, completely avoiding the Colombeau 
algebra construction. 

What are the advantages of this approach comparing to Colombeau the- 
ory? First of all, by avoiding the factorization (which is the case of Colom- 
beau algebra) we fulfill the physical intuitivness condition of the language 
constructed. Second, we can naturally and easily generalize the concept of 
covariant derivative in our formalism, which has not been completely satis- 
factorily achieved by Colombeau algebra approachH. This must be taken as 
a absolutely necessary condition to achieve any goal of generalization of a 
fundamental and physically significant mathematical formalism. It is specif- 
ically worth discussing the third advantage: Why is the classical approach 
so focused on Colombeau algebras? The answer is simple: we want to get 
algebra of C°°{M) functions as a subalgebra of our algebra (that is why 
we need to factorize by negligible functions, and we need to get the biggest 
space where they form an ideal, which is the space of moderate functions). 
But there is one strange thing: all our efforts are aimed to reach the goal of 
getting a more rich space than is the space of smooth functions. But there 
is no way to get a larger differential subalgebra than the algebra of smooth 
functions, as it is shown by Schwartz impossibility result (see for example 
|31j). That is why we use only the equivalence relation instead of straight 
equality. But then the question remains: Why should be there still preference 
of smooth functions? Is not the key part of all the theory the equivalence 

^There is some work done in this direction in [3 2) and |24) . but it is minimally far from 
obvious how (by taking this given approach) one can reconstruct the expected results 
outside the class of smooth tensor fields. 
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relation? So why are we not satisfied with the way the equivalence relation 
recovers the smooth objects multiplication (we require something stronger), 
but we are satisfied with the way it recovers multiplication within the larger 
class? Unlike the Colombeau algebra based approach, we are simply taking 
seriously the idea that one shall treat all the objects in an equal way, which 
means we do not see any reason to try to achieve "something more" with 
smooth objects than we do with objects outside this class. And in the fact 
that we treat all the objects in the same way lies the third advantage of our 
theory; it makes the theory much more natural than the Colombeau algebra 
approach. The fourth advantage is that it naturally works with much more 
general concept of piecewise smooth manifold, so the generalization of physi- 
cal laws within such language brings to the language of physics a much higher 
symmetry. The fifth and last, "small" advantage comes from the fact that 
by avoiding the Colombeau algebras construction we automatically remove 
the problem of canonical embedding of arbitrary tensorial distributions. But 
one has to acknowledge that this problem was already resolved also within 
the Colombeau theory approach [20] . 

What are the disadvantages of this approach comparing to Colombeau 
theory? A conservative person might be not satisfied with the fact, that 
we do not have smooth tensor algebra as a subalgebra of our algebra. This 
means that also the classical smooth tensorial fields have to be considered to 
be solutions of equivalencies only (as opposed to classical, "stronger" view to 
take them as solutions of the equations). But in my view, this is not a prob- 
lem at all. If we consider physical laws as using equivalence only, they have 
many solutions in the algebra we constructeco, containing all the classical 
solutions for smooth tensor distributions (equivalently smooth tensor fields) 
and mostly leaving open only the question of physical meaning of those vari- 
ous particular solutions (in general we refer also to nonlinear objects), which 
is nothing new in physics. This is one of the main reasons why we see no 
problem in abandoning the conservative requirement to obtain the smooth 
tensor fields algebra as subalgebra of our algebra. Our previous consider- 
ations suggest that we shall look only for distributional solutions (as those 
having physical relevance) and in such case it can be seen that we will get 
(after taking some additional intuitive requirements) a unique solution (up 
to initial values obviously), if it exists. And as already mentioned, it can be 
shown that all the classical equations related to smooth tensor fields (if we 
restrict ourselves to a smooth manifold) are a particular consequence of these 
equivalencies with the given conditions and all the main results computed by 

■^Under "solution" we mean here any object fulfilling the relations given by the equiv- 
alence. 
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various authors can be reinterpreted in that approach. 
The structure of this paper is the following: 

In the first part we want to present the current state of the Coulombeau 
algebra theory and its geometric formulations. We want to indicate where 
are its weaknesses. 

This part is followed by technical parts, in which we simply define our 
theory and prove the basic theorems. At the beginning we define basic con- 
cepts underlying our theory, then we define the concept of generalized tensor 
fields, their important subclasses and basic operations between the gener- 
alized tensor fields, like the tensor multiplication. This is followed by the 
definition of the basic concept of our theory, the concept of equivalence be- 
tween two generalized tensor fields. The last technical part deals with the 
definition of the covariant derivative operator and formulation of the initial 
value problem in our theory. 

All the technical parts are followed by sections, which discuss our results 
and show how our theory relates to the practical results already achieved and 
described in the first part of the paper. 
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2 Overview of the present state of the theory 

2.1 The standard M" theory of Colombeau algebras 

The so called special Colombeau algebra is on M" defined as: 

6;(M")=^M(M")/Ar(M"), (1) 

where SMi^"') (moderate functions) is defined as the algebra of functions: 

M" X (0, 1] ^ R (2) 

that are smooth on (this is usually called £^(M"')), and for any compact 
subset K of M" (in our notation K CC M") it holds that: 

VaGN^, 3peN such that sup |D°/,(x)| < 0(e"P) as e -> 0. (3) 

The A/'(M") (negligible functions) are functions from S{M."') where for any 
K CCW holds that: 

VaeN^, 3pGN such that sup |D"/,(x)| < O(eP) as e ^ 0. (4) 

This simple formulation can be straightforwardly generalized into general 
manifolds just by substituting the concept of Lie derivative for the "naive" 
derivative used before. 

It can be shown that by using convolution with an arbitrary smoothing 
kernel, we can embed a distribution into Colombeau algebra. By a smoothing 
kernel we mean in the widest formulation a smooth function Pe£{Q,i] such that: 

supp(pe) {0} for (e 0) 
p^{x)dx — 7- 1 for (e — )■ 0) 
and Vt] > 3C Ve G (0,7^) sup \p,\ < C. (5) 

This most generic embedding approach is mentioned for example in [17] (in 
some sense also in [23]). 

Then there are used more "restricted" embeddings to We can 

choose for instance a subclass of mollifiers called y4o(M"), which are smooth 
functions being from D(M") (smooth, compact supported) and (i.e. [T3] ) 

Ve holds J pe{x)dx = J —p (^—^ dx = 1. (6) 
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Sometimes the class is even more restricted. To do that, we shall define 
classes 74"'(M") as classes of smooth, compact supported functions, such that 



x\ - ■ ■ xj(f){x)dx = 6ok for i + -- -+ j = k<n. 



(7) 



Obviously, we have A"+^(]R") C y4"(R"). Then the most restricted class of 
moUifiers is taken to be the class yl°°(]R"). This approach is taken in the 
references [2H] , [SD] , iH , [2S] , US] • 

The question remains, whether that embedding is canonical. It would be, 
if the difference of two moUifier choices will belong to the class of negligible 
functions. This is the case for embeddings of regular distributions given by 
a smooth function (we use the shorthand "smooth distributions") and using 
the third, most restricted class of mollifiers [31j. But you cannot extend this 
property to D^MJ^) (see [SI])- A similar statement saying that by taking the 
A°(M") class of mollifiers one obtains noncanonical embedding, unless that 
class is not properly restricted, we can find in [13]. 

But what is usually considered to be a canonical formulation of Colom- 
beau algebras in M" is the following: The theory is formulated in terms of 
functions 

R'^ X Ao{W) R (call them F) (8) 

and Colombeau algebra is defined in such way that it is a factor algebra of 
moderate functions over negligible functions, where: 

Moderate function is such function from F that: 

e A^(M"), there are a,p > 0, 



Vra, m G N 3A^ G N such that if 
such that sup - — J^ iO^.x] 

\x\<n 



dx"^ 



< ae-^ if < e < p. 



(9) 



Negligible functions are such that are from F and: 

Vn, m G N Vp G N 3g G N such that if G A'i{W), 3a, p > 0, 



such that sup 



\x\<n 



dx^ 



-F(0„x) 



< ae^ if < e < p. 



(10) 



Then distributions automatically define such a function by mapping (see 
|1],[Z],[23],[3T] etc.): 



y-x 
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Moreover, Colombeau shows that if we take a different embedding of 
smooth distributions, the "straightforward" embedding by identity, the dif- 
ference is a neghgible function (which is a similar resuh to what is in 

In all of these formulations, there are two important consequences given 
by the Colombeau algebra: 

a) smooth functions form a subalgebra of the Colombeau algebra {C{f)C{g) = 
C{f ■ g) for /, g being smooth distributions). 

b) distributions form a subspace of Colombeau algebra (this means for 
instance that C{f') = C'{f) ). 

We can formulate a relation of equivalence between an element of the special 
Colombeau algebra fe{x) and a distribution A, if for any (p G DiW") we get 



Then two elements of Colombeau algebra fe{x), ge{x) are equivalent, if for 
any (j){x) G D{W') 



In the original theory, which will be described below, one can easily see 
that for the choice of yl°°(M") mollifiers0 all the classical relations must be 
respected by the equivalence. It respects multiplication of distribution by a 
smooth distribution [31] in the sense that: A{f ■ g) ^ A{f)A{g), where / 
is a smooth distribution and g G D^MJ^). From [1], it follows that it must 
respect in that sense a multiplication of piecewise continuous functions (in 
the sense of regular distributions given by a piecewise continuous functions). 
The other important theorem says [7], that if (7 is a distribution and f ^ g, 
then for arbitrary natural number n holds -D"/ ^ D^g- The fourth 
important theorem states that if / is equivalent to distribution g, and if 
h is a smooth distribution, then f ■ h is equivalent to g ■ h. 

In the canonical formulation, there is a clear relation of equivalence formu- 
lated either between an element of the Colombeau algebra and a distribution, 
or analogically between two elements of the Colombeau algebra. 

This relation is such, that if there 3m, such that for any (p G A"^{W^) and 
for any iIj{x) G D(R") holds that 



^In case of special algebras, if we do not take the most reduced class of moUifiers, it 
is not completely clear what kind of results can be generally proven with this concept of 
equivalence, but it is used in particular cases. 




(12) 




(13) 




(14) 
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where (f)^ = e~"(/)(|), than we say that / and g are equivalent {f ^ g). 

For this embedding obviously hold the same commutation relations as 
for the previous one (according to differentiation). There can be also proven 
that for fi...fn being regular distributions given by piecewise continuous 
functions holds that 

Aih)...AiU) ^ AU\-fn) (15) 
and for / being arbitrary distribution and g smooth distribution holds 

AU)A{g)^AU-g). (16) 

In older Colombeau papers all these things are formulated equivalently as 
the relations between elements of Colombeau algebra, being a subalgebra of 
C°°(-D(M")). The definitions of moderate and negligible elements are exactly 
the same as in canonical formulation, apart of taking the D{W^) x class 
as the domain of our mappings (being a wider domain than y4°(]R") x M"). 
We shall also realize that this formulation speaks equivalently about the ele- 
ments of C°°{D{W^)) class, which can be seen by taking convolution of those 
elements with the objects from D(]R") class. It is really simple to see that 
you can formulate all the previous relations as relations between elements of 
this algebra (pointwise operations), containing distributions. This two alge- 
bras are apparently isomorphic. This approach was taken by [5] , and in some 
older review of Colombeau as well. 

2.2 Geometric approach 

The first point should be to define what is meant by arbitrary rank tensorial 
distributions on arbitrary manifolds, by avoiding to refer to preferred charts. 
Usually we mean by distribution representing an (m, n) tensor field an el- 
ement from dual to the space of objects given by the tensor multiplication 
of (m, n) tensor fields and smooth compact supported fc-form fields (on k 
dimensional space), hence 

Ti::^ xu,->l (A-i- T!:::-u,) (i?) 

This is very much the same as to say that the test space are smooth compactly 
supported tensor densities T^ '^". This is referring to the paper [10] (and it 
is mentioned and used in [9j as well). We have to mention here, that the 
topology taken on that space is the usual topology of uniform convergence for 
arbitrary derivatives related to arbitrary chart (so the old property should be 
valid in all charts). In [10] the authors add also the definition of the derivative 
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operator acting on the given spacqj- Some simplified scalar versions use our 
first definition equivalent to Geroch and Traschen, but they use the concept 
of Lie derivative instead of covariant derivative, which does make sense, since: 

a) to use derivatives of distributions we automatically need derivatives 
along vector fields (but this condition is not very important) 

b) Lie derivative is a map from p-forms to p-forms 

c) in case of Lie derivatives, we do not need any additional structure (as 
connection in case of covariant derivative) 

This is due to the paper of Balasin yj. There is supposedly an equivalent 
formulation to Geroch and Traschen [10], given by Vickers and Steinbauer 
[8T] . which says that it can be taken as D'{M) T;^{M), where D'{M) 
is the dual to the space of smooth, compactly supported fc-form fields {k di- 
mensional space), or in other words the space of sections with distributional 
coefficients. The authors use Lie derivatives as a derivative operator, presum- 
ably for the reasons I have given. More similar formulations to Vickers and 
Steinbauer [31] can be found in [18]. The authors just generalize the whole 
construction and use the formulation of the dual to the space of compactly 
supported sections of the bundle E* ^Vol^~'^, where Vol^~'^ is a space of 
(1 — g)-densities and E* is a dual to a tensor bundle E (hence there belong 
objects such as E^Vol'^). As a differential operator on that algebra is taken 
again the Lie derivative operator along a smooth vector field. We can refer 
also to another formulation, which comes from the old book of deRham |8j (it 
uses the expression "current"). It takes the space of distributions as a dual 
space to space of all compactly supported form fields. It is clear that tensors 
having range higher than n {n is the dimension of space) cannot be obtained 
directly in this way, but can be given by tensor (current) multiplication. 

Let us mention here, that there is one thing we consider to be unsat- 
isfactory on these constructions and this is the fact that to do physics we 
need much more to incorporate the concept of covariant derivative, than the 
concept of the Lie derivative. 

Now, let us move back to the Colombeau algebras: 

^It is quite unclear considering the way Geroch and Traschen [TQ incorporate the 
derivative operator, by using an intuitive definition: 

what is the meaning of that derivative operator on a tensor density. Is it a mapping to a 
different tensor density and being relative to some fixed coordinates? If the expression on 
the other side is not a tensor density, what is its meaning? There are no explicit answers 
to this questions in Geroch and Traschen [TU] , 
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It is easy to formulate the first noncanonical construction of Colombeau 
algebras on general manifolds in covariant form; you obtain a space of e- 
sequences of functions on general manifold M. Note that in the noncanonical 
case you only substitute for derivative the concept of Lie derivative, while 
keeping the rest of the definitions basically the same. Thus the definition of 
the Colombeau algebra will be again: 

g{n) = £Mm/M{n) (19) 

where £MiS^) (moderate functions) is defined as algebra of functions: 

^] X (0, 1] ^ M (20) 

such that are smooth on Vt (this is usually called and for any K ddVt 

holds that: 

Va G Nq, 3p G N such that V^i...^fc which are smooth vector fields 
holds: sn^\L^,...Li:J,{x)\<0{e-P) as e ^ 0. (21) 

Negligible functions we define exactly in this analogy to our first definitionl^. 

After having this definition, it is easy to define the generalized Colom- 
beau tensor algebra by the tensor product of sections of a tensor bundle 
and Colombeau algebra. This is equivalent to the usual formulations (see 
[T8]). which are more based on a generalization of mappings, not just from 
M to M", but to arbitrary manifold. To achieve such formulation you have 
to change in the usual definitions the absolute value to the expression "any 
Riemann measure on the target space" and then you get the algebra 

rc(x, Y) = Tm{x, y)/N(x, y) (22) 

as in [22] , [18] , [31] . Then we can easily introduce a map to a TM manifold 
which means generalized tensor fields on The question remains how 

should be distributions embedded into those algebras. Now it is clear this will 
be noncanonical embedding from various reasons. First, it is noncanonical 

^This is due to Heinzle and Steinbauer jl5J. There are also different definitions: in a 
paper of Kunzinger and Steinbauer |18j , the authors use instead of "for every number of 
Lie derivatives along all the possible smooth vector fields" the expression "for every linear 
differential operator" , but they prove that these definitions are equivalent. What is also 
interesting to mention, according to their paper, this is equivalent to the statement saying 
that for any chart holds: $ G ^a/ (M"), at that chart (see [H]). 

^As Kunzinger and Steinbauer say, this is equivalent to G{X) ®T{X, E) tensor valued 
Colombeau generalized functions |22) . 
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even on MJ^. But another, second reason is that this embedding depends 
on the preferred class of charts on M. The embedding is defined in [IB] 
as: we pick an atlas and take a smooth partition of unity subordinate to 
(Oj, supp(0) C Va^ j G N) and we choose for every j, G DiVa^), 
such that = 1 on supp(^j), then we can fix in fixed charts an yl°°(]R") 
element p and the embedding is given by 

oo 

E ° * P^) ° ^".) ' (23) 

where \E'q,^ is a coordinate mapping and * is a convolution. 

Now let us here define the equivalence relation in the analogy to the M" 
case. Since in [T^ the authors take the strongest constraint on the moUifier, 
one would expect that strong results will be obtained, but the definition 
is more complicated. And in fact, standard results (such as embedding of 
smooth function multiplying distribution is equivalent to multiplication of 
their embeddings) are not valid here ^8\. That is why the authors formulate 
stronger concept of /c-association, saying that U G Fc is /c associated to 
function /, if 

\\mL^,...L^^iU,-f)^0 (24) 

uniformly on compact sets for all / < k. The cited paper does not contain 
definition of k equivalence between two generalized functions, but it is quite 
easy to see, that the given definitions can be easily adapted for this case. 

Now all this concepts can be easily generalized and adapted for arbitrary 
generalized tensor fields, understood in the way as defined before. 

Now if we want to get a canonical formulation, we certainly cannot gener- 
alize it straight from the M"' case (the reason is that the definition of A"'{M."') 
classes is not diffeomorphism invariant). There is an approach, which pro- 
vides us with a canonical formulation of generalized scalar fields taken in |12] . 
The authors define the space S{M) as a space of C°°{M x A^{M)), where 
A^{M) is the space of n-forms (n-dimensional space), such that J u = 1. 
Now the authors define a smoothing kernel as C°° map from: 

Mx I ^ A\M) (25) 

such that it satisfies: 

(i) \/K CC M 3eo, C>0 E K Ve < eo, supp 0(e,p) C 5,c(p), 

(ii) Vis: CC M, Vfc, / G No, VXi, ■ ■ ■ Xk,Yi ■ ■ -Yi smooth vector fields, 

supp^K,qeM ll^n ■ ■ ■ LyXL'x^ +Lx,)--- (^x, " " " ^xj$(e,p)(g)|| = 
= 0(e-("+i)) 
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where L' is defined as: 



Ly{p,q) = Lxip ^ f{p,q)) = jJ{{Fl^)ip), q)\o (26) 

and B^c is a ball centered at C having radius e measured relatively to a 
Riemannian metric. If (i) holds for one Riemannian metric, then it holds 
for any Riemannian metric, so although this definition seems to be related 
to a particular Riemannian metric, it is not. Let us call the class of such 
smoothing kernels A'^{M). Then the authors define classes A'"^{M) as the 
set of all $ e v4'°(M) such that V/ G C°°(M) and MK M (compact 
subset) holds: 



sup 



f{p)- I fiqme,p)iq) 

J M 



0(e'"+^) (27) 



Then one defines the moderate and the negligible functions in the following 
way: 

R e £{M) is moderate if VK CC M VA; G Nq 3A^ G N VXi,....Xfc 
smooth vector fields V$ G A"^{M) holds 

sup \\Lx, Lx,(i?($(e,p),p))||=0(e-^), (28) 

and ReS{M) is negligible if ViT CC M, VA;, / G No 3m G N VXi, ...Xk 
smooth vector fields, V$ G Am{M) holds: 

sup \\Lx,...Lx,{Rme,p),p)\\=Oie'). (29) 

Now we can define the Colombeau algebra in the usual way as a factor algebra 
of moderate functions over negligible functions. Distributions being defined 
as a dual to n-forms can be embedded into this algebra in a complete analogy 
to the canonical MJ^ formulation. Also association is in this case defined in 
the "usual" way (integral with compact supported smooth ra-form field). As 
expected, this formulation makes no exception in the fact that association 
reproduces both: the multiplication of a distribution by a smooth function 
and the classical multiplication of continuous functions. 

However attempting a straightforward generalization from scalars to ten- 
sors brings immediate problems, since the embedding does not commute with 
the diffeomorphism action. The problem was finally resolved in [2D]- The 
authors realized that diffeomorphism invariance can be achieved by adding 
some background structure defining how tensors transport from point to 
point, hence a transport operator. Colombeau (m, n) rank tensors are then 
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taken from the class of smooth maps C°°{u,q,A) having values in {TJ^)qM, 
where u & Aq{M), q & M and A is from the class of compactly supported 
transport operators. After defining the concept of Lie derivative on those ob- 
jects and the concept of the core of a transport operator, the authors define 
in a slightly complicated analogy to the previous case the moderate and the 
negligible tensor fields, and by factorization they obtain the canonical ver- 
sion of the generalized tensor fields (for more details see [20] )• The canonical 
embedding of tensorial distributions is the following: 
The smooth tensorial objects are embedded as 



where as expected u G Aq{M), t is the smooth tensor field and A is the 
transport operator. 

After that arbitrary tensorial distribution s is embedded (to s) by the 
condition 



where on the left side we are contracting the embedded object with a 
smooth tensor field t, and on the right side we are applying the given tensorial 
distribution s in the variable assigned by the dot. 

The authors show in [20J that this embedding fulfills all the important 
properties, for example commutes with the Lie derivative operator. All the 
other results related to equivalence relation (etc.) are obtained in the analogy 
to the previous cases. 

In [22], [21] and [18] the given authors generalized all the basic geometric 
structures, like connection, covariant derivative, curvature, or geodesies into 
the geometric formulation of the special Colombeau algebra. Hence they 
defined the whole generalized geometry. However in our view, the crucial 
part is missing. What we would like to see, is an intuitive and clear definition 
of the covariant derivative operator acting on the distributional objects in the 
canonical Colombeau algebra formulation, on one hand reproducing all the 
classical results and on the other hand extending them in the same natural 
way as it is in the classical distributional theory with the classical derivative 
operator. Whether there is any way how to achieve this goal by the concept 
of generalized covariant derivative acting on the generalized tensor fields as 
being defined in [22] , or [23] is unclear. And if this generalized geometry can 
be formulated also within the canonical Colombeau algebra construction is 
also not immediately clear. 




(30) 



~s{u, p, A) ■ t{p) = {s, A{p, .) ■ t{p) 



(31) 
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There cannot be any hope of finding a more appropriate, generahzed 
formulation of physics within this framework without finding such clear and 
intuitive definition of the covariant derivative; all that can be in this situation 
achieved is to use these constructions to solve some specific problems within 
the area of physics. But as we see, such more ambitious goal can be very 
naturally achieved by our own construction, which follows after this overview. 

2.3 Practical application of those results 

Now we can quickly pass through various applications of the theoretical back- 
ground already presented. The first application we can possibly mention is 
the nongeneralrelativistic one. In [6] the authors provide us with weak so- 
lutions of nonlinear partial differential equations (using Colombeau algebra) 
representing shock waves. They use explicitly the relation 

~ -J— H' (32) 
n + 1 ^ ' 

using the special version of Colombeau algebra (related to mollifiers from 
A°(]R") class). This types of equations are analysed by Obeguggenberger in 
his paper [26j, giving us some mathematical results concerning existence and 
uniqueness of weak solutions of nonlinear partial differential equations. 

In general relativity we have various results using Colombeau algebras. 
First, we can focus on the distributional Schwarzschild geometry, which is 
analysed for example in [12]. The authors start to work in Schwarzschild coor- 
dinates using the special Colombeau algebra and y4°°(M") classes of mollifiers. 
They obtain the delta-functional results (as expected) for the Einstein ten- 
sor, and hence stress-energy tensor. But in Schwarzschild coordinates they 
got into troubles with the given embedding of their distributional tensors, 
since this coordinates do not contain the point. As a result, if we look 
for smooth embeddings, we do not obtain an inverse element in Colombeau 
algebra on the surroundings of for values of e going to (but if we require 
that the inverse relation should apply only in the sense of equivalence, it 
makes no real problem). But the authors (see [T5]) are able to come to sig- 
nificant results by turning to Eddington-Finkelstein coordinates and getting 
metric in a Kerr-Schild form, in which they are able to compute R^b, G"'b 
and hence T";, (in their (1,1) form, because their dependence on g'^^ has in 
these coordinates relatively simple form) as delta-functional objects (which 
is expected). This result is not depending on the mollifier (see also [Slj), but 
the relation between different embeddings given by the different coordinate 
systems is not really analysed there B 

®It seems that the authors use relations between Rf^^, and components of g'^" obtained 
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Even in the case of Kerr geometry there is a computation of {g')R^i, 
(where g""^ = g'"'^ + fk°'k^) done by Balasin, but this is molhfier dependent 
(see [2], or [31]). The coordinate dependence of the results is even more 
unclear here. 

There exists a ultrarelativistic weak limit of the Schwarzschild metric 
(turning from Eddington, Finkelstein coordinates to u = t + r, v = t — r 
coordinates and taking boost with the weak f — )■ c limit). We obtain the 
"delta functional" Aichelburg metric. Steinbauer and Kunzinger provided 
us with a computation of geodesies in that geometry |23j. The authors take 
the special Colombeau algebra (and take 74°(]R"') as their class of mollifiers), 
and they prove that geodesies are given by the refracted lines (results are 
mollifier independent). This is again expected. Moreover, what seems to be 
really interesting is that there is a continuous metric which is connected with 
the Aichelburg metric by a generalized coordinate transform (see [T7].|31]). 

The last thing we want to mention are the conical spacetimes. They are 
analysed for example in an old paper from Geroch and Traschen [10]. The 
authors define the (yft- metrics first. These are metrics which provide us with 
a distributional Ricci tensor in a very naive sense, where the multiplication 
is given just by simple multiplication of functions giving us the regular dis- 
tributions. But the conical spacetime metric does not belong to this case. 
There was a calculation provided by Clarke, Vickers and Wilson [31] giving us 
the stress energy tensor, but this is mollifier dependent (they are coordinate 
independent though [21] )• 



in that coordinates by using algebraic tensor computations, but it is not obvious, whether 
these resuhs can be obtained by computations in the Colombeau algebra using « relation, 
since some simple tricks cannot be used here in the general cases (such as substitution). 
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3 The basic concepts 



Before we would like to say anything about distributional tensor fields, we 
have to define the basic concepts, which will be used in all the following 
mathematical constructions. This task is provided in this section, hence this 
part is crucially important for understanding all the next theory. An attentive 
reader, having read through the introduction and abstract, will understand, 
why we are particularly interested in defining these concepts. 

3.1 Definitions 

3.1.1 Definition of (M,A) 

Definition 3.1. By piecewise smooth function we mean a function from an 
open set A C — )■ M™- such, that there exists an open set B (in the usual 
"open ball" topology on M^) on which this function is smooth and B = A\N 
(where N has a Lebesgue measure 0). 

Take M as a 4D paracompact, Hausdorff locallv Euclidean space, on 
which there exists a smooth atlas A'; hence (M, A']q is a smooth manifold. 
Now take a ordered couple {M,A), where A is the biggest possible atlas, 
where all the maps are connected by piecewise smooth transformations such 
that: 

1) the transformations and their inverses have on every compact subset of 

all the first derivatives (on the domains where they exist) bounded 
(hence Jacobians, inverse Jacobians are on every compact set bounded) 

2) it contains at least one biggest smooth subatlas A' (1 A (coordinate 
transformations between maps are smooth there). 

Notation : 

Every subset of M on which exists a chart from our atlas A, we call ^Ich- 
Arbitrary chart on Qch from our atlas A we call Ch{Qch)- 

Definition 3.2. Take some set ^Ich- Take some open subset of that set 
Q' C ^ch- Then Ch{Qch)\n' means the fl' boundary of a chart Ch{Qch) and 
is defined simply as Ch{Vt') (which means we "ignore" the area outside VL'). 

^Note that the letter A' will be from now automatically used for some smooth subatlas 
of A. 
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Definition 3.3. We define by L-measure on M (on Borel sets obviously) a 
measure wtiictL can be on every Vtch expressed in every cliart as integral from 
some piecewise continuous function which is everywhere nonzero, except of 
a set having Lebesgue measure (at that chart). 

3.1.2 Jacobians and algebraic operations with Jacobians 

Now it is obvious that since transformations between maps do not have to be 
everywhere once differentiable, Jacobian and inverse Jacobian can be always 
undefined on the set having Lebesgue measure 0. Now consider, that for 
example the relation {J~^)u — might hold even at the points where 
both Jacobian and inverse Jacobian are undefined, when we understand this 
multiplication in the sense of limit. This would generally mean that if we can 
define these expressions on the places where they are technically undefined 
(this set is having Lebesgue measure 0) by values which make them continu- 
ous at those places (this gives a unique specification of those values, if they 
exist) we understand them as having those values there. From this follows 
that the limit of the matrix product should be at /i = equal to 1 and at 
/i 7^ z/ 0. 

3.1.3 Tensor fields on M 

Then we understand by the tensor field on M an object which is: 

1) defined relatively to the 1-differentiable subatlas of A everywhere ex- 
cept of a set having L-measure (so this set is a function of the given 
1-differentiable subatlas), 

2) if it is undefined at some 1-differentiable subatlas of A at some set 
(having L-measure 0), it means that if we express them in arbitrary 
chart from that subatlas, there is no way how to attribute it at this set 
such values, that the expressions would be at that set continuous, 

3) it transforms between charts in the old prescribed tensorial way 

^ J, ^j-iy^ . . . ya... (33) 

again by taking into account what was previously said: even at the 
points where the expression T'J^-;- = Ja {•J~^)u ' ' ' "^p'.'.'. is technically 
undefined, if there exist values by which it can be on this set defined 
and continuous, we understand it as having those values there 0. 



As was already mentioned, because of the uniqueness of these values (if they exist) 
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3.1.4 Important classes of test objects 

Notation : 

Take a class of such 4-form fields defined in every chart from A on the set 
M\S {S having any L-measure 0), which are compact supported and their 
support lies within some ^Ich, call it C^{M). 

By C^{flch) call a subclass of C^(M), such that for these 4-forms it 
holds, that their support is a subset of the given flch- Note that only the 
C^{flch) subclasses form linear spaces. 

Such subclass of those 4-forms, that there exists a subatlas A G A {A 
being a subatlas containing at least one biggest smooth subatlas A') in which 
they are expressed by densities, being in every chart from A everywhere 
defined and smootlo, we call Cg{M). 

Under C^^^^{M) we mean a subclass of Cg{M) such that these are 4- 

forms being in every chart from this particular A expressed by everywhere 
smooth density and this density is nonsmooth in every chart outside A. 
C^. rAQch) means C^.rJM) element having support in the given flch- 

3.1.5 Topology on C^^^^i^ch) 

Take a following topology on each r (flch)'- a sequence from G Cf, t, (flch) 
converges to an element $ from that set if all the supports of lie in a 
single compact set and in arbitrary chart Ch{Qc'h) ^ A for derivative of arbi- 
trary degree k taken at that chart it holds, that d^^'^ converges uniformly (at 
that chart) to (9^^$'; where $^ and $' are densities belonging to that forms 
expressed at that chart. 



this definition makes sense. If for example T,^ " is at some given point undefined and the 
functions expressing this tensor field in some chart Chi do not have a defined limit, this 
limit can still exist in since Jacobians and inverse Jacobians of the transformation 

from Chi to C/i2 might be undefined at that point as well. 

^^From now the letter A everywhere in the text automatically means such subatlas. 
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4 Scalar s 



This section deals with the definition of scalar as the easiest particular ex- 
ample of generalized tensor field. This is the reason why we deal with scalars 
separately, instead of taking more "logical", straightforward way to tensor 
fields of arbitrary rank. 

4.1 Definitions 



4.1.1 Definition of L)^(M) 
Notation : 

Now take the space of such linear El maps (g 5) — t- M, when 5* is such 
that 3 A such that C|'^^^(M) CSC C^{M) and these linear maps should 

for every Qch give on C^. -rAQch) subset of C^.-rAM) a continuous mapping 

(relatively to the topology taken in 3.1.5). Call this set D'{M). 

Notation : 

Now take subsets of D'(M) such that they have some common set U„Cf t (M) 

J [An ) 

belonging to their domains, and are WQch, Vn, continuous on C^, r AO^ch) 
(when we say "continuous" on some set, we mean obviously also fully defined 
there). Call such subsets D' - AM). 

By D' r AM) we mean such objects that belong to D' - AM) and 
are defined only on U^Cf,T AM) (so this class is their full domain). 

Obviously T e D' AM) means T e HnD' r AM). 

Notation : 

For arbitrary element of D' r construct an algebra D'^^^^{M) from 

its elements by pointwise multiplication and linear combination of elements 
from I)J^)(M). 

Pointwise multiplication gives in that case mapping from \E' into multipli- 
cation of the images (real numbers) of those maps: {A-B, ip) = {A, ip) ■ {B, ip) 
and the domain on which the product (and the linear combination as well) 
is defined is an intersection of domains of A and B (trivially always nonvoid, 
containing C^^^^{M) at least). 



"'^^The meaning of linear here is such, that whenever the map is defined on some 
^'2 (both belonging to one class (flch)), ^i^*!, X2'^2 and Xi'^i + X2'^2, then there 
holds the usual relation of linearity. 

"'^^The union means here just trivially taking only one element A. 
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Alternatively we can say that the set D'^^^^{M) can be understood as set 

of multivariable arbitrary degree polynomials (where different "variables" are 
different D'^^^{M) objects). 

Note also that the resulting arbitrary element from D'^^^^{M) has in 

general all the properties defining D'{M) objects except of being necessarily 
linear. 

Definition 4.1. The set of objects obtained by union U^D'^^^^{M) we 
denote Z)^(M), and call them generalized scalar fields (GSF). 

4.1.2 Important subclasses of D'(M) and D'j^{M) 
Notation : 

Now take a subset of D'{M) such that it can be expressed as an integral 
from a piecewise smooth function defined on the subset of C^{M), where this 
integral converges and there exists a smooth atlas A' , where the function is 
smooth and call this class D'g{M). 

The larger class of such D'{M), such that it is expressible by integral 
from piecewise continuous function (again everywhere on C^{M), where it 
converges) is denoted as D'^ 

If we use the notation D' , r AM), we mean D'iM) objects defined 

only on U„Cf t AM) and on those 4-forms being expressible by integral of 
piecewise continuous function. 

By using D'^^^ ^ (M) we automatically mean that it is such subclass of 
D'^^^ A o)'-"^''' ^^^^ expressible by an integral from a smooth function 
at some smooth subatlas A' C U„v4„. 



4.1.3 Topology on D'^^^^{M) 

If we take objects from Dj^^^(M) and we take a weak (cr— , but from now we 

call it only weak) topology on that set, we know that any object is a limit 
of some sequence from D'^^^^^{M) objects from that set (they form a dense 
subset of that set). That is what we know from the classical theory. Such 
space is complete. 



Actually it holds that if and only if the function is integrable in every chart on every 
compact set in R", than integral from this function defines an D'{M) object and is defined 
at least on the whole Cg{M) class. 
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5 Generalized tensor fields 



This section is of crucial importance. It provides us with definitions of all 
the basic objects we are interested in, hence the generalized tensor fields and 
all their subclasses of special importance as well. 

5.1 Definitions 
5.1.1 I^r(M) class 

First let us clearly state how to interpret J/f symbol in all the following 
definitions. It is a matrix from piecewise smooth functions S* \ — ?■ M, S 
being a open set from and having Lebesgue measure 0. But we can 
map them by the inverse of the first coordinate mapping to Qch and it will 
be a matrix of functions flch \ -R' — )■ M, K having an L-measure 0. J^\I' is 
then understood as a matrix of 4- forms from C^{Qch), in other words that 
means that outside Qch we trivially define them to be 0. 

Definition 5.1. By a D'^{M) object we mean a linear mapping from V — )■ 
M^""^", where ^ C r C ^' and ^ is such set that 3 A and 3 A' C A {A' 
is some biggest smooth atlas), such that: 

S is given as: 

Una, {i^,Ch{ncH)) : ^ e C^^^^i^ch), Ch{ncH) e A'} 
S' is given as: 

Una, {{^,Ch{nch)) : ^ e CiQch), ChiQch) e A)} 

and: 

1) WQch it is in every chart from A' C A continuous on that C^^^^{Qch) 
objects (appearing in S class). 

2) This map also transforms with charts as: 

KJiCh, ^) = A^iich,, Ji^..ji{j-'t....{j-y,^>) 

^^We could also choose for our basic objects maps taking ordered couples from 
{^Ch) X Ch{ri'fjf^) [Vlch 7^ ^'ch) ^ well. The linearity condition then automatically de- 
termines their values, since for ^' £ {Q.ch), whenever it holds that ilj^^fisupp^ = {0}, 
they must automatically give for any chart argument. Hence these two definitions 
are trivially connected and choice between them is just purely formal (only a matter of 
"taste"). 
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3) The following consistency condition holds: If Qch C ^(^/i, then A'^'"^ gives 
on \E' X Ch{nch)\n^.f^ ^ G C^i^ch) the same result^ than on 

^xCh{nch) ^ec^'inch). 

Now we can formally extend this notation also for the case m = n = 0. 
This would mean scalars, exactly as defined before. So from now on m, n 
take also the value, which means the theory in the following sections holds 
also for the scalar objects, which also means it contains the results of the 
previous section as its specific case. 

5.1.2 Important subclasses of D'^{M) classes 

Definition 5.2. Completely by analogy to scalars we define classes D'^{M): 
on arbitrary VLck, being fixed in arbitrary chart Chi{Vtch) £ A, we can 
express it in arbitrary chart Ch2{^lch) G A as an integral from a multi- 
dimensional matrix of piecewise continuous functions on the subset from 
C^{M), where the integral is definec0. 

Analogically class D'^{M) C D'^{M) is such, that those objects can be 
at some biggest smooth atlas A' and arbitrary charts^ ChiiVtch)^ Ch2{VLch) ^ 
A' expressed by an integral from a multi-index matrix of smooth functions. 

D''^ r sJM) (where At{.) stands for some subatlas of A being a func- 
tion of some argument, expressed by (.)) means a class of objects being for 
every Qch continuous in every Ch{Qch) ^ At{Ai) on C^^^ ^{Qch)- 

D"" , 7 s , (M) means class of objects from D"" , r (M) being defined 

only on the Uf,^, |(*, Ch{^ch)) : ^ G Cl^^^^^{^ch) . Ch{^ch) G At{Ai)^ 
domain. 

If we have B'-^^^^^^^^^{M) , K^^,Mi^A,)o)^^) ^1^^^^^ ^here At{A{) = A' C 
Au we use simple Z^^^^.a;)!^), ^^Tu.aJo)!^) notatioi0. 

"'^^By the results we mean defined/undefined and when defined, than having the same 
vahie. 

^^Actually we will use the expression "multi-index matrix" also later in the text and it 
means nothing more than just specifically ordered set of functions. 

^^The first chart is an argument of this generalized tensor field and the second chart is 
the one in which we express the given integral. 

We have to realize that the subatlas A!^ specifies completely the atlas A„, since taking 
forms smooth in A!^ determines automatically the whole set of charts in which they are 
still smooth. This fact contributes to the simplicity of this notation. 
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5.1.3 Definition of L'^(M), hence generalized tensor fields 

Definition 5.3. Now define D^^,-)^(M) to be the algebra constructed from 
D,^^,-|(M) objects by tensor multiplication, exactly in the analogy to the case 
of scalars (reduces for scalars to multiplication already defined). The object 
being a result of the tensor multiplication is again a mapping 
we define it to be such, that runs the indexes of the object being multiplied 
first and of the object which multiplies second. 

Now call by D'^{M) a set given as Ua'-D^'(^^/)^(M), meaning a union of 
all possible Z)^^,-j^(M). Call the objects belonging to this set the generalized 
tensor fields (GTF). 

Definition 5.4. Furthemore if we use the same procedure than in the previ- 
ous definition, just instead of constructing the algebras from D^^,^(M) ob- 
jects, we construct them only from D'"* r (M) PiD'^^m (M) objects (again 
by tensor multiplication), we use for the resulting union the -D^^ ^^^^ ^^^(M) 
sign. 



5.1.4 Definition of F— objects, their classes and algebras 

Notation: 

Now let us define the generalized space of objects V\M). These objects 
are defined exactly in the same way than D'^{M) {m + n = I) objects, we 
just do not require that they should transform from chart to chart in the given 
prescribed way, as it is given in the definition of generalized vector/tensors 
(point 2))S 

In the same way (just by not putting requirements on the transforma- 
tion properties) we can simply generalize D'^^^^^^^^^^^{M), D'J^^^^^^j^^^^^{M), 

K^,A',)iM), /^;7u,a;„)(M), D-(M), ^:7^,^,(^,))^(M) and ^^^(M) classes 

^Tu.MiA^)o)(M), r-A,)(M), F-^,„)(M), F^(M), 

It is obvious that all the latter classes contain all the former classes as 
their subclasses (this is a result of what we called a "generalization"). 

Note that when we fix F'^(M) objects in arbitrary chart from A, they 
must be expressed by integrals from multi-index matrix of on every compact 
set integrable functions. In the case of D'^{M) subclass it can be required 

^°The definition of r'(Af) includes also the case m — 0. Now we see, that the scalars 
can be taken as subclass of r°(M) being for every element from their domains defined 
at the whole A as constants with respect to the chart argument (independent on charts). 
Note also that for a general r'"(M) object there is no meaningful differentiation between 
"upper" and "lower" indices, but we will still use formally the T^;;- notation (for all cases). 
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at only one chart, since the transformation properties together with bound- 
edness of Jacobians and inverse Jacobians provide that it must hold in any 
other chart from A. 

The specific subclass of r^{M) is r^{M), being a subclass of distribu- 
tions, which is possible to express in any chart from A (being an argument of 
the given F— object) by integrals from multi-index matrix of smooth func- 
tions (when we express them in the same chart, which is taken as the argu- 
ment) . If we use r^^u^^, (M) , this means that we just limit its chart domain 

to Uncn Un {(*,C/i(Qcfe)) : * e C^^^jnch): Ch{nch) e K}: where i„ 
is given by the condition A'^ C A^. 

5.1.5 Topology on r-^^^)„(M) 

If we take the class of r(^^^/ o)(^) '^^ P^^ ^^^^ class the weak (point 
or a—) topology, then the subclass of those objects defined as T™^^^^^, „-)(M), 
is dense in that class. The same holds for -D^^^^, o)(M) and D'^^^J^^, g-^{M). 

5.1.6 Definition of contraction 

Definition 5.5. The last thing we want to mention here is to define the 
contraction of a T^{M) object, (C) in the obvious way: C(74^;;;) = A^^--. 

Now we have to realize, it is a mapping D'^[M) — )■ D'.J^^^{M) and 
r'"(M) r'"-2(M), but it is not in general the mapping -D^,'^(M) 
DT-\\{M), only (M) ^ T^^-^M). 
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6 The relation of equivalence {^) 



This part provides us with the fundamental concept of the theory, the con- 
cept of equivalence of generalized tensor fields. Most of the first part is de- 
voted to fundamental definitions, the beginning of the second part deals with 
the basic, important theorems, which are just generalizations of Colombeau 
multiplication of distributions to tensor multiplication of generalized tensor 
fields and adds important conjectures as well. The first part ends with the 
subsection "additional definitions" and the second part with the subsection 
"additional theory" , both deal with much less important theoretical results, 
but they serve very well to put light on what equivalence of generalized tensor 
fields "physically" means. 

6.1 Definitions 

6.1.1 The necessEiry concepts to define the relation of equivalence 

Notation : 

Take some subatlas of our atlas, and this will be a biggest subatlas of 
charts, which arc maps to the whole R^. Such maps exist on each set Qch 
and they will be denoted as Ch'{Qch)- We say that a chart Ch'{Qch) is 
centered at the point q G flch, if this point is mapped by this chart mapping 
to (in R^). We will use the Ch'{q,Vtch) notation. Further we will work 
with those classes. 

Definition 6.1. Take some O-chi Q ^ ^ch and Ch'{q,flch) G ^- The 
set of 4-forms 0(e, x) G A^{A,Ch'{q,Q.ch)) is defined in such way that 
(f)e G Cg^^^{0.ch) belongs to this class if: 

a) In the given C/i'(g, fi^^j), Ve holds that: 

b) dependence on e is given as €~^(f)'{^) in that given chart. 

Definition 6.2. Take arbitrary q, Qch {q £ ^ch), Ch'{q,Qch) ^ ^ and 
natural number n, and for any (p^ G A"(C/i'(g, l^c/i), ^) we can in the 
Ch'{flch) define a continuous set of maps (depending on the parameter y) 

A^{Ch'{q, nch),A) ^ c^^^^inch) (34) 

as: 
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a) on Qch and in Ch'{Q,ch), it is given by: )e~^ (again 
0' being density expressing in this chart), which depending on the 
parameter y G M*^ gives us on Vlch various 4-form fields (by inverse 
Ch'{flc'h) mapping a particular function $' : B{'Z W^) R gives 
us a 4-form field $ on Qch, defined by ^'{x)dx /\ ... f\dz at a given 
chart). 

b) outside VLch it will be 0. 
Call these 4-form fields 0e(y). 



Definition 6.3. Now, take any A'^- G T™ r (M), and by applying this 

given A'^'" in arbitrary fixed Ch{Vtch) G At{A^VLch) on the given 4-form 
(j)e{y) created from 0^ G A^{Ch'{q, Qch), A), we get a function ^ M^'""''" 
(depending on A^;; G r^(M), a given chart and on a given 4-form). As 
a result, such function is function of these objects: >1(^ ;(g r^(M)), ^^(g 
A'^{q, 0,ch: Ch'{Q,ch))), V: Ch{Qch) and we denote it as: 



6.1.2 Definition of the relation of equivalence 

Definition 6.4. Ai^-.TI^- G r^(M) are called equivalent ((A(^;;; ^ Tif-)), 
if they belong to the same classes T^^^^^^^^ (M) and if: 

y^ch Vg (q G nch) yCh'{q,nch) e i (suchthat A^;;;,T,^;;- G r-^,(^))(M)) 

and WCh{nch) e ^^(^, f^c/^) 3n such that V^, G A"(C/t'(g, fich), A) holds 
that for any compact supported, smooth function — >■ R -0 it holds: 

hni / {Fi':::iA^,:::,q,n'c^,ch\n'c^),n,Uy):Ch{nch))- 
i^^(r,^::-,g,Q'c;.,^^'(^^cJ,^>.(y),^^(f^c/.))}.V'(z/)A = o. (35) 



Note that for A, B, C, D from the same T'^{At{A)){M), being defined on 
the same domains, should obviously hold: A B, C D then A174-I-A2C ~ 
\iB + \2D for Ai,A2 G M. 

Notation: 

Now since we defined the equivalence relation, it divides r^(M) objects 
naturally to equivalence classes and those equivalence classes will be denoted 
as r^(M). In the next considerations we may also use more limited classes 
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of equivalence i)^(M), D'^^{M) etc., as equivalence classes build only 
from the elements belonging to those given classes. 

A careful reader now understands what is the relation between our con- 
cept of equivalence and Colombeau equivalence relation. It is simple: this 
definition just translates the Colombeau equivalence relation (see j5j) into 
our language with the equivalence classes preserving all the features of Co- 
lombeau equivalence classes (what will be proven in the following theorems). 



6.1.3 Additional definitions (concepts of associated field and A 
class) 

We define the following concept (of association) just to bring some insight 
to what is happening in the most simple (but most important and useful) 
cases and to be able see better the relation between the calculus we defined 
(concerning equivalence) and the "old" tensor calculus. It should bring us 
also better view on what equivalence means (at least in these cases) in terms 
of physics. It just means that the quantities differ on the large scales, but 
take the same small scale limit (for the small scales approach each other). 

Definition 6.5. Take T^;;- G r^(M). If it holds that: 

1. Vi for which it holds that Tj;- G r^^^^^^^^(M) and VA' such that 

A' C A, Vi^c/i, 3 ilch \ N{A') (set N being in any L- measure), such 
that Vg G nch\N, ^iCh'lq.Vtch) e A\ \/Ch{nch) e At{A), 3n such 
that V0, G A"{Ch'{q,nch),A) exists the limit: hm,_,o{TI^ - , (p,), in- 
dependent on 0e, 

2. for arbitrary A[ C A,, A', C A^, such that Tj;--- G ^A(AtiA,)uAtiA,))(^) 
and for Ch{Qch) £ At{Ai,Qch) H At{A2,flch) is this limit for every 
q G Qch \ {N{A[) U N{A'2)) the same, 

then the given object obtained is mapping: Ch{Qch){& ^^(^)) ^ ^ch \ 
N{A') M^"^" (A' C A) depending on class T^^;;- G r^(M)) and we 
call this map (which fulfills necessarily the same consistency conditions for 
^ch C than the r^(M) objects) a field associated to the Tj;-- G r^(M), 
and we use the expression y4s(T^;;'). 

Definition 6.6. Call by class A C r^(M) such objects that they are in 
every chart expressible by an integral of such piecewise continuous multi- 
index matrix of functions (integral expressed in the chart, which is argument 
of that object) that for every point zq where it is continuous it holds: 
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3 (5 > 0, 3 > 0, Ve such that (0 < e < 6)), that for arbitrary unit 
vector n (in the standard metric on M^) T^'"(zo) — Ke < T^'"(zo + ne) < 
T>:::{zo) + Ke 

6.2 Theory 

6.2.1 Reproduction of the basic results by the equivalence relation 

Theorem 6.1. Any class T™^^ ^^^^ )o)(^) contains maximally one linear 
element. 

Proof. We need to prove that there do not exist such two elements of r"*(M), 
which are equivalent. Take two elements B and T of this kind (both with the 
given domains and continuity), take arbitrary Qch and arbitrary A from 
their domains, and arbitrary Ch'iVLch) G ^, and map all the C^i^^^iVLch) 
objects to smooth, compact supported functions on through this chosen 
chart mapping. Now both B and T give at fixed, but arbitrary Ch{Qch) ^ 
At{A) a linear, continuous map on those functions (the only difference from 
Colombeau distributions is that it is in general a map to M™, rather than 
only to M, which is "cosmetic"). Now at every given Ch{Qch) ^ At{A), by 
taking this construction, our concept of equivalence reduces to Colombeau 
equivalence from [5] and hence the same results should hold. One of the 
results says that there are no two different distributions being equivalent. 
We have to realize that all these parameters are fixed but arbitrary and all 
the 4-forms from their domains have to be mapped to this Mf^ functions for 
some proper fixing of Qch and A. Further we have to realize that they are 
arguments of B and T only in the charts, in which B and T were compared 
as maps on the spaces of functions to which they were mapped (this 
"arbitrary chart fixing" covers all their domain). The result must be then 
that B and T must be identical and that is what we wanted to prove. □ 

Theorem 6.2. Any class of equivalence r^^(M) contains maximally one 
linear element. 

Proof. We have to understand that r^^(M) are continuous and defined on 
every C^^^^(M) in every A, so now they are compared in arbitrary chart 
from A. After realizing this, we can repeat the previous proof and understand 
that if there exists the given element from r^(M) belonging to the resulting 
class of equivalence, it is automatically determined if and how is this element 
defined for the 4-forms outside Cg{M). □ 
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The expression appearing in the following theorem (and also later on for 
example in the definition of covariant derivative) Tlf—{A'^-^) will be under- 
stood in the following way: at chart Chi{flc'h) ^ At{An) we express A^'" 
as multi-index matrix of functions (obtained relatively to Chi{Qch)), multi- 
ply ^' e C^{flch) by this multi-index matrix of functions and the resulting 
object we understand as multi-index matrix of C^{flch) objects. Prom this 
follows that we define them outside Qch set to be trivially 0. This multi- 
index matrix of C^{Qch) objects we substitute to T^ " fixed at that given 
chart Chi{flch)- 

Theorem 6.3. The following statements hold: 

a) for any Tj^'"^ G rg^(M), such that for any flch and any two fixed ar- 
bitrary charts on Qch it is given as Tl^:::^{'^) = J ^T;' ^ ... / T^^;^^^, 
it holds that in the class of equivalence r|;^(M) where it belongs, ex- 
ists a linear element and is defined (on that given arbitrary ^ch, in 
those arbitrary charts on Qch) as J Tf'^' ...T'ff"" i^'^ (as being applied 
on \I' G CgiVLch)), both only if the integral / (^i''i/'...---^jv'."/3) ^^r every 
Vtch and for every two charts ChiiVtch)-! Ch2{ftch) G A converges on 
every compact subset of ^ch- Exactly the same statement holds, if 
we take instead of r^^(M) its subclass D'^^^{M) and instead of the 
equivalence class r^^(M), the equivalence class D'^^^{M). Exactly 
the same statement holds if we take instead of r^^(M) and D'^j^^^lM) 
classes, the classes F™.,, , r , JM) and , t , JM) (with 
the exception that the given convergence property shall be considered 
only at charts Chx{^ch),Chi{^ch) e U„^t(i„)). 

b) For any distribution A^'" G F^^.^ ^, o-)(M) and an clement T^- G 

^, -|(M), it holds that A^^T^^'" is equivalent to an clement of 
^tX o)iM) ( and for subclass D'C^^^^,JM) C F^X"^, ^(Af) and 
D'lku.A'^o^M) G F^l^^^, „)(M) to an element Z^S^^'o)!^))- The ele- 
ment is given as Tl!--(A'^-^). 

c) for any tensor distribution A^'" G Tg^M) and an element T^'" G 
^(u„A' o)(^)' i^ ^'^^'^^ ^^^^ "^p'.'.'Tu.'.'.' is equivalent to an element of 
^T^TaI o)(^)- The element is given as Ti^-iAf -"^). 

Proof. a) Use exactly the same construction as in the previous proof. We 
fix T^ " at arbitrary chart from A (as it is continuous in arbitrary 
chart on every C^.rAM)) and express it in the chart used during the 

first step of the construction as a map * J Tl",; J/' ... J Tf^f^^'if' . 
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Then it is a result of Colombeau theory that, if j T!^"^ \[^'...T^"^\1/' is 
defined as a hnear mapping on given functions \l/'(in our case they 
are related by fixed (but arbitrary) chart mapping to given Cg{M) 
objects), than these two objects are equivalent. Now everything was 
fixed, but arbitrary, so in this way the result is proven. From this 
proof we immediately see that the simple transformation properties of 
the D'^(M) objectcj are fulfilled by this linear object, if the objects 
we multiply are from D'^[M), so the second result can be proven 
immediately. The last two results concerning the classes with limited 
domains are completely obvious after we proved these results, we just 
have to realize how they are exactly defined. 

b) is proven completely in the same way, we just have to realize that 
because of the "limited" domain of the D'^s{UnA' o)i^) objects, we can 
effectively use the concept of smoothness in this case. 

c) is just the same than b), the only difference is, that the domain of the 
product is limited because of the "second" term in the product. 

□ 

Note that this means that tensor multiplication gives on appropriate sub- 
classes of /^^"^^(M) the mapping D',%^iM) x D;™^ ^ D'.^^'^^iM) and on 

appropriate subclasses the r^^^(M) x T^^^a ~^ ^t+nEAi^) mapping. What 
is quite sad, this cannot be extended to Z)^(M). 

Theorem 6.4. Take T,^;;- G T™^^^, ^^(M), A^^;;; G T™,^^, ^^(M) and LJ^;;; G 
^s{^„A'„ o)(^)' than Ti;-- ^ Ai^- implies El L®T ^ L® A. 

Proof. Use the same method than previously and trivially follows from the 
results of Colombeau theory (especially from the theorem saying that if a Co- 
lombeau algebra object is equivalent to a distribution, then after multiplying 
them by a smooth distribution, they remain equivalent). □ 

Theorem 6.5. Contraction (of and v index) is for such T'"jf'" G D'^j^{M), 
that they are from the equivalence class containing a linear element (in this 
case the element is given as mapping — )■ j T ' j^ ' ^! ) a map to r^^"~^(M) 
and the class T^\^~'^{M) is such, that contains (exactly) one element from 
D'^S^\,{M), which is given as mapping ^ ^ j 

Proof. The proof is obvious after we realize that operations of contraction 
and changing the object from the class of equivalence commute (this trivially 
follows from our previous note about addition and equivalence). □ 

^^We include also the scalar objects here. 

^^It is obvious, that we can extend the definition domains either of T and A, or of L. 
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6.2.2 Conjectures 

Conjecture 6.1. Tensor multiplication gives everywhere on D^^(M) a 
mapping D'^^eaW x DTea^M) ^ D'^trEA^ and everywhere on f^^(M) 
a map f|^(M) x f^^(M) ^ f«+''(M). 

Conjecture 6.2. Take an element Af;- G T™ , ,(M) and such T^- G 

r^(M) element, that VA; C U„yl„ on every ilchi in every chart ChiiVtch) G 
^t(A„,fic/j) is for * e - (M) Tf}- -^ still some element of the class 

C^^^^^iM) e U^C^^^JM) and also holds G ^]c/^), where 

T^;;- is a multi-index matrix of functions in Chi{Vlch)- Then it holds that 



Ag-Tj^- is equivalent to an element of V^,..,-. . AM) (and for subclasses 
element is given as Tf};-{A'^--^). 



D'": ^ AM) and £>l'i(M) to an element D'™!" , , ,(M)). The 



6.2.3 Additional theory 

Theorem 6.1. Any Tj^;; G A (as was defined by Definition 6.6) defines an 
As{T}^;;;) object on M. But the same field can be associated to more ele- 
ments of TJ{M). 



Proof. For Vr2(7/i , VA and VC/i'(f2c'/j), we can in fixed but arbitrary Ch{Qch) 
write the T^^ " object as a multi-dimensional matrix of piecewisc continuous 
functions. We see in Ch'{Qch), that ^ A"'{^,Ch'{q,Qch)) are in fact 
delta-sequences, so we just have to show, that on the set where those func- 
tions are continuous in the stronger "upper" sense, they give the value of this 
multi-index matrix. So write the integral: 



By substitution x = ez we obtain: 



X. 



T^7;-(ez)$(z)(iS. 
But from the properties of Tj^-;{^) it follows: 



[\Ti::izo)-Ke)^z)d'z < r(T,^::-(zo+ne)$(z)dS < [\T^^:::{zo)+Ke)^z)d''z 

J a J a J a 
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for some e small enough. 

But we are taking the limit e — which, together with the fact that $(x) 
are normed to 1, means that the integral must go to Tj^'"(zo). The "rest", 
where it is not continuous in this sense, has Lebesgue measure 0, hence the 
Qch part, which is mapped to this "rest" has L-measure 0. But the values of 
that multi-index matrix in the given chart at this arbitrary, fixed point give 
us a given associated field (are independent on delta sequence obviously). 
The other statement will be proven by a particular example. □ 

Theorem 6.2. The objects from field associated to a Tff - G A fl D';^{M), 
for each flch, transform for every couple of charts from their domains 
Chi{nch) e A[,Ch2{nch) e A'^ on some M/{N{A\) U NiA'^)) (set 
N{A[) U N{A2) having L-measure 0) as ordinary tensor fields with piece- 
wise smooth transformations. This means that if we take J^...{J-^)l T^- 
as the multi-index matrix which appears under the integrals, then on the 
domains where both this object and the object T^ " are continuous in the 
previous sense (everywhere apart of a set having Lebesgue measure 0), the 
associated fields transform as the tensor fields with those JacobianS- 



Proof. The part where the immediately follows from what we said and did 
in the previous proof. Of course we see immediately, that has L-measure 
0, since both sets, set where the domain of the given associated field in the 
first chart is undefined and the domain where is Jacobian nonsmooth (which 
is even stronger condition than we need) are both having L-measure 0, which 
means that their union has obviously L-measure 0. □ 

Note, that if for TJ{M) object it holds 

limT,^::-(0,) = (-)oo 

at least at one point, then the field associated to this object, can be associated 
to another object, which is nonequivalent to this object. This is explicitly 
shown in the proof of the next statement. 

Theorem 6.3. Take 6{q,Chk{^lch)) ^ ^[a'o)(^) being defined as mapping 
from each 4-form C^^^^ (M) {A' C A) to the value of the density expressing 
this form at point q, as being expressed in chart ChkiVLch) € A' (g G ^ch)- 
Then any power G of S{q,Chk{^ch)) is associated to function defined 
on M \ {q} and being 0. Note that this function is associated to any power 



^■^Of course, some transformations in a generalized sense might be ciefined also on the 
N set. 
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(g N+) (being nonzero natural number) of S{q), but different powers of 6{q) 
are mutually nonequivalent 0. 

Proof. It is obvious, that contracting powers of 6{q,Chk{Qch)) with se- 
quence of 4-forms from arbitrary A'^{Ch'{q,Qch), A), {q' ^ g) (they have 
a support stretching to another point than q) will give simply 0. At q 
a given 6"'{q,Chk{flch)) applied on the given smooth compact supported 
function (in the given chart Chk{flch) (in fact it is a density)) \E'e(a;) G 
A"(C/i'^(g, rich), A) will lead to the expression €-^^^^"(1 ). Then if we want 
to compute 

!53 £ (i^*" (i) - 1^*" (0) 

then this leads to 

which is for n ^ m, n,m E N+ apparently divergent, hence nonzero. □ 

Note, that any (natural number higher than one) power of delta function 
is nonequivalent to any distribution. 



Theorem 6.4. We see that the map As is linear and for arbitrary number 

of g^:::-..K-- g a it holds: As{g'^- (S) ... (S) K-) = Asig'^---) ® ... ® A,(/i(;-). 

Of course, it is trivial that in the first term it is a product between A objects 
and in the second the classical tensor product. 

Proof. Trivially connected with previous proofs: we have to realize that what 
the tensor product means for the objects from A class, and that at the fixed 
charts it gives integrals of multi-index matrices, which for some choice of 
indexes componentwise multiply. Because you obtain the associated field by 
substituting to each of them and taking the limit, we see, that this gives 
in fact the "classical" tensor multiplication. □ 

^■^We have to realize that it is hard to find in our theory a more "natural" definition 
generalizing the concept of delta function from R". But there is still another natural gen- 
eralization. The result is an object from ^^^J ^, ^^(M), defined as: 6{Chk{^ch),q,'i') ~ 

^{Chk{nch),q), Chkinch) e A'„, ^eCP^^jnch) C Ar,), where ^iChkinch),q) 
means value of the density given by at the point q, when expressed at the chart 

chkirtch). 

^'^Linear in this case means, that being defined on T, L implies being defined on AiT + 
X2L (Ai, A2 e K.) and linear in the usual sense of the word. 
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This should mean, that by any tensor multiphcation of elements from 
class A (important multiplication of two scalars as a subcase) we obtain 
an element which is equivalent to an element from class A, but something 
similar was already expressed in wider form by the statement that is a 
map for given constrained elements (but less constrained than AnZ^^*(M)) 
D-^UM) X D,'|^(M) ^ KtiUM) ( containing the D;-(M) element). 
This statement just shows, that it holds also for the subclass A (which after 
understanding theory from the previous section, must be obvious anyway). 

Conjecture 6.3. If Tj^ - e D'^^,^-^{M) has an associated field, then it 
transforms on its domains as a tensor field. 

Conjecture 6.4. If Tj^;; e r^,^^(M), having an associated field and L^-; e 
rg(M), then ^^(r (g) L) = ^^(r) ® As{L), again with different, but obvious 
meaning of (g) on the opposite sides of the equation. 

Conjecture 6.5. If for C, D,F,B ^ r^(M), belonging to the same classes 
^A(At(A))(^)' ^"^^ belong to ^"^iAtiA))^^) 

\/A' C ^ all C,D,F,B have associated fields defined on the whole M for 
every At{A), then F B and C D imphes C ® F D ® B. 
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7 Covariant derivative 



The last fundamental concept, which is missing until now, is some 
derivative operator on GTF, which is obviously necessary for us to formulate 
appropriate language for physics and generalize physical laws. Such operator 
must obviously reproduce our concept of covariant derivative on the smooth 
tensor fields (through the given association relation to the smooth manifold). 
This is provided in this following chapter. The beginning of the first part is 
devoted again to fundamental definitions, the beginning of the second part 
gives us fundamental theorems, again just generalizing Colombeau results 
for our case. After these theorems we similarly to previous section formulate 
conjectures representing the very important and natural extensions of these 
results (bringing a lot of new significance to our results). The last subsection 
in the second part, which is called again "additional theory", brings analog- 
ically to previous section just physical insight to what is happening in our 
abstract calculus and is of lower importance. 

7.1 Definitions 

7.1.1 Definition of simple derivative and connection coefficients 

Definition 7.1. We define a map, called simple derivative given by smooth 
vector field W (smooth in the atlas A') as a mapping: 

r^,)(M)^r^,)(M) 

and: 

Tt,iu)ichk{nch),^) - -T,^:::{Chk{nch), (t/"*),a) * e Cinch) 

where {U°'^)^a is understood in the following way: we express C/" at 
the chart Chk{^ch), ^ by the density function at that chart (^') and take 
the derivatives {U°"^')^a at that chart. They give us some function at that 
chart, which expresses in that chart some object from C^{flch), hence this 
means that it is trivially extended to M by being everywhere outside flch- 
This object we use as an argument in T^^; 

To make a consistency check: T^^'" ^jj-^ is object which is defined at least 

on the domain C^^^^(M) objects in A' C A {A' related to W) and is 

continuous on the same domain, which means it is a r"(M) object. To 
see this, just realize that when we take arbitrary flch and arbitrary chart 
Ch{Qch) from A', we see that at that chart (C/"^'),o, gives us by inverse chart 
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mapping 4-forms, which are compact supported at Qch and smooth. Hence 
they are from the domain of T,^' ■ at any chart from A'. At arbitrary chart 
from A' we see trivially (from the theory of distributions), that if ^„ — >■ ^, 
than ■^jy^(^), hence it is continuous. 

Definition 7.2. Now, we can call by a generalized connection such object 
from r^{M), that it is defined and continuous on the whole Cg{M) in every 
chart from A, and transforms as: 

r^,(c/i2, = Ks(ch^, - J^iJ-X.)-^) (36) 

7.1.2 Definition of covctriant derivative 

Definition 7.3. By a covariant derivative (on Vlch) in the direction of an 
in A' smooth vector field U^{M), of an object Ai^-- e V^^Vtch), we call an 
object: 

Dciu)Af:M = ,(^)(^) + r^,(V)^e:::(c^"V') - r^p(V')^^:::(c/^V') (37) 

We explained already in the previous section how to understand such 
expressions as Tj^ ' ([/"^). 

Covariant derivative is in this way defined everywhere on r"^,^(M). 
This result we can see easily, since simple derivative gives us still an ob- 
ject from r|^,j(M). The second term containing generahzed connection is 
from r^,)(M) trivially too. 

Definition 7.4. Furthermore, extend the definition of covariant derivative 
to r^(^,) (M) class just by stating that on every nonhnear object (note that 
every such object is constructed by tensor multiplication of linear objects) it 
is defined by the condition that it should follow the Leibniz rule (so it is a 
standard derivative operator, since it is trivially linear as well). 

7.2 Theory 

7.2.1 Basic equivalences related to differentiation and some of the 
interesting conjectures 

Notation 

Take as A^ some n-times continuously differentiable subatlas of A, and 
by class 5"' denote such - JM) objects that: 

a) yJmAm = An and Vm At{Am) = A^ 
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b) it is given for arbitrary chart from An, taken as its argument, by in- 
tegral from multi-index matrix of n-times continuously differentiable 
functions (if the integral is also expressed at arbitrary chart from A„) 

Theorem 7.1. The following statements hold: 

a) Take a vector field U\ which is smooth at A' C An+i C An for 
n > 1 (formally including also n — n + 1 — oo, hence A'), generalized 
connection r(;^ e ^1{M) and T^^- e ^^^(M) n S'n, where S'n is 
related to the given An, then following holds: 

Covariant derivative is a map from this object to an object from -S^+i 
(being related to the given An+i)- Moreover, the equivalence class S'n^i 
of the image contains exactly one linear element being expressible on its 
domain in every two charts from its domain as integral from some multi- 
index matrix of piecewise continuous functions and this element is given 
as a map — > / Lf^Tj^-. Ji? (where ";" means the classical covariant 
derivative related to the "classical" connection appearing under the 
integral defining the F^^ object). 

b) Take being smooth particularly at A' and F^^ e r|(M), then the 
following holds: 

Covariant derivative is a map: D'^j^,^-^{M) r^^+?^^(M) and the 
classes r™^"^"^^(M) of the image contain (exactly) one element of 

^;ta'o)(^)- 

Proof. a) Covariant derivative is 

Take the first term T^'" ^jjy express it at a given Chk{Qch) ^ An as 
the following map: jCh,^^^j.{Chk)i^....^ch,^ where the t!)^'"'^''-- 

symbol means multi-index matrix of functions representing T^^ " at that 
chart Chk{0,ch)- Furthermore the symbol jcr{^^^) means that the 
integral is expressed at the chart Chk{^ch) and a density related 

to given 4-form expressed at that chart. So if analogically 
means the given object expressed at Chk{^ch)- then: 

Here \l/ is in arbitrary chart from An n-times continuously differen- 
tiable (the domain is limited to such objects by the second covariant 
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derivative term, which is added to simple derivative) and such that 
(C/*^) j is at any chart from n-times continuously differentiable. 

Now take the given expression and by using the integration per parts 
(since all the objects under the integral are at least continuously differ- 
entiable (n > 1), we can use it), together with compactness of support, 
we see that: 

Tt,iu)ich,{na,),^) = -/:;;;^^,)(Ti.^''^^'^-(t/(^'^^^"*^^'^^^).(c.,)a) = 

Then it holds that: 

We see that this is defined and continuous at arbitrary chart from ^n+i > 
for every C^^^^{M), such that 3 A' C A and A' C A^+i. 

Now we see that for the rest from the covariant derivative expression 
it holds, that it is equivalent to the map 

(see theorem 6.3) and between charts it can be rewritten as an in- 
tegral, where the objects appearing under the integral transform ex- 
actly as their classical analogues. This must hold, since T/f;;- is every- 
where continuous (in every chart considered), hence on every compact 
set bounded, so the given object is well defined. This means that 
taking this object at chart ChmiS^ch) and expressing it through the 
chart Chk{flch) and Jacobians (with the integral expressed at chart 
Chki^Ch)), as in the previous case, we discover (exactly as in the clas- 
sical case), that the resulting object under the integral transforms as 
some D'^^{M) object, with the classical expression for the covariant 
derivative of a tensor field appearing under the integral. 

b) The resulting object is defined particularly only at C^^^^(M) (^4' C A). 
We have to realize that T^'" can be written as a (A^ — )■ oo) weak limit 
(in every chart from A') of ^^''^y ^ ^Ts(A'o)^^)- immediate 
result of previous constructions and Colombeau theory, that 

-r" (^)i;";;;(f/» ^ -Tt/Xn^u'^) 
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and just write those objects (that one, as well as ■(^) object) as 
limits of integrals of some sequence of "smooth" objects in a fixed, 
but arbitrary chart (of course the chart where the integrals are ex- 
pressed is fixed, arbitrary, but quite trivially non-interesting). But we 
see, that we can obviously use per parts integration again (in the first 
expression) and from the "old" tensorial relations, we get the "tenso- 
rial" transformation properties under the limit, which means that the 
resulting object, which is a limit of those objects transforms in the way 
the D'^{M) objects transform. 

□ 

Theorem 7.2. The a) part of the theorem 7.1 can be formulated also with 
some generalized concept of covariant derivative, where we simply do not 
require [/* vector field to be smooth at some A' , only we require that it 
should be n + 1 differentiable in A^+i. 

Proof. We just have to follow our proof and realize, that we used the smooth- 
ness of in A', only because it is required by our definition of covariant 
derivative (it has its reasons in other cases). □ 

This statement has a crucial importance, since it shows that all the classi- 
cal calculus of smooth tensor fields with all the basic operations is contained 
in our language (if we take the equivalence instead of equality being the cru- 
cial part of our theory), but it can be even extended to arbitrary objects 
from S' (if we connect the concept of covariant derivative with given T\{M) 
connection), hence it is better than the classical tensor calculus. 

Of course, we can think about conjectures extending our results in a very 
important way: 

Conjecture 7.1. Take arbitrary at any chart piecewise smooth on every 
compact set bounded @ vector field U\ G r|(M) and Tj};:; e D';^j^{M), 
such that integrals / Tj^wVI^ are at every chart finite on every compact 
set, then following holds: 

Covariant derivative along this vector field is a map from this object to 
an object from f™+"(M) and the class f^+"'(M) of the image contains 
(exactly) one element of D'^{M). 

^^To be exact, the expression "covariant derivative" is used in this and the following 
conjecture in a more general way, since we do not put on the condition of being smooth 
at some subatlas A' . 

^''This means we are trivially integrating T^' T^^j on compact sets in subset of given 
as image of the given chart mapping. 



43 



Conjecture 7.2. Take C/* being piecewise smooth vector field and F^^ e 
r|(M), following holds: 

Covariant derivative along this vector field is a map: -0^^^^, o)(M) — )■ 
f™(+"^, „)(M) and the classes f^(ti^A' o)(^) image contain (exactly) 

one element of D'^{M). 

Theorem 7.3. For being smooth tensor field at A\ connection taken 
from r|(M), T}}- G r^(^,^)(M) and Ai^- e r™,^)(M), holds that Tj^;;; ^ 
j^ix... jjjipiigg jj^f^^^T a; D'^fjj^A for arbitrary natural number n. 

Proof. Pick arbitrary and arbitrary fixed chart Ch'{Qch) ^ In 

that chart we get all the 4- forms from the domain of these r™(M) ob- 
jects as smooth compact supported functions (given by densities expressed 
at that chart). The objects T^;;-((;7"^),a) and yi;;;;((?7"^),a) as objects 
of Colombeau algebra (realize that the connection, fixed at that chart is 
also an object of Colombeau algebra) are equivalent to C/"(^)T^;;;j^(^) and 
f/"(^)A(^" ^(^), where the derivative means the "distributional derivative" 
as used in the Colombeau theory (fulfilling the Leibniz rule) and f/"(^) is 
simply a -^^(^/^^(M) object with the given vector field appearing under 
integral. But as we know, in the Colombeau theory it holds that if an object 
is equivalent to a distributional object, then their derivatives of arbitrary 
degree are equivalent and also it holds that if arbitrary object is equivalent 
to a distributional object, then if we multiply them by arbitrary smooth dis- 
tribution, they remain equivalent. Since at that fixed chart holds (still in the 
Colombeau theory sense), 

and since their simple derivatives we obtain only by the operations pre- 
viously described, also their simple derivatives must remain equivalent. The 
same holds about the second covariant derivative term (containing connec- 
tion). So those classical Colombeau theory objects (classical theory just 
trivially extended to what we call multi-index matrices of functions) given 
by the covariant derivative of those tensor fields fixed and expressed at that 
chart are in the sense of the Colombeau theory equivalent. But the Qch set 
was arbitrary and also the chart was an arbitrary chart from their domain, 
so they are equivalent also in our sense. □ 

We can try to extend this statement to a conjecture: 

Conjecture 7.3. For [/' being piecewise smooth tensor field, connection 
taken from F|(M), T>^;;; e F-^^^, JM) and e F-^^, JM), holds 
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that T^ " ~ A^^'" implies D^^^^T ^ D^^jj^A for arbitrary natural number 
n, if this covariant derivative exists. 

That conjecture in fact means that covariant derivative using this type of 
generalized connection is a map from r^(M) containing a linear element to 
r^(M). Note that we can also try to prove more modestly extended version, 
taking the same statement and just extending r™j^^,^^(M), r|^,^^(M) to 

^AiA')iM), r-,)(M). 

7.2.2 Additional theory 

Theorem 7.4. Take W smooth at some A' C An, T^^^ e A and Tj^-; e 
S'n nD'^{M) {n > 1, S'n is related to An), then Dc{u)Tlf'" has an associated 
field which is on M \ N (N havingffi L measure 0) the classical covariant 
derivative of the associated (tensor) field to T^ ", defined on the whole An+i 
{A' c A„+i)- 

Proof. This is really trivial, just take the definition of the classical covariant 
derivative and define the linear mapping given at a particular chart argument 
Ch2 as 

^ ^ f^' f/Kc/^2)^5(2^M...)(c/«2)).^^'(Chx) Qj^^^ e An. 

This is appropriate, since y4s(T^;; )[^'*^'' is defined everywhere apart of a 
set having Lebesgue measure 0. Now from our previous results it is obvious 
that the given linear mapping is equivalent to the Dc{u)Ty"' object and that 
U"" As{T}^::;),^ = As{Dc(u)Tt:), apart of a given set A^. □ 

Theorem 7.5. Extended analogy of theorem 7.3, can be proven, if we use 
generalized concept of covariant derivative, without assuming that vector 
field is smooth at some A', but only n + 1 continuously different iable on 

An+l- 

Proof. Exactly in the same analogy as before. □ 

This statement means, that we have fulfilled our aim, to define a concept 
of covariant derivative "lifted" from the smooth manifold and smooth tensor 
algebra to GTF in sense of association. It completes the required connection 
with the old tensor calculus. 

^^Notice, that the N set is the same for every chart from Ac and since we are Umited 
only to the Ac atlas, it is in this context the only set considered. 
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Conjecture 7.4. Take C/* being smooth particularly at A', Tj^;; e 
D'n{A'o)i^) having associated field and e r|(M), than Dc(u)Tlf:: has 
associated field which is a covariant derivative of associated (tensor) field to 
T^[" (hence as covariant derivative operator commutes in some sense). 

Note that except of covariant derivative we can easily generally define for 
every r™j(.^,-j (M) the Lie derivative along arbitrary, in A' atlas smooth vector 
field (not generalized, but we still did not prove anything about larger classes 
of vector fields, than smooth vector fields in case of covariant derivative). 
This is simply defined as (LyA, \E') = (A, Ly\E'), since the Lie derivative 
along the given vector field is a mapping from n-forms to n-forms, preserving 
their required properties for such Cf^JM) class, that holds A' C A. 
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8 Basic discussion of previous results and open 
questions 

8.0.3 Interpretation of physical "laws" and their solutions 

We build up the algebra of GTF, being able to incorporate the concept 
of covariant derivative (with the given presuppositions about vector fields 
and connection) for set of algebras constructed from specific distributional 
objects. The use in physics is meaningful where the operations of tensor mul- 
tiplication and covariant derivative give a map from appropriate subclass of 
D7(M) class to the elements of f "^(M) containing a -D7(M) element. This 
is always provided to work between appropriate subclass of piecewise contin- 
uous distributional objects, but a given physical equivalence might specify a 
larger set of objects for which these operations provide such mapping. Note 
that the whole problem lies in the multiphcation of distributions outside the 
D'^{M) class (for instance it can be easily seen that square root of 5{Chk, q) 
as introduced above is not equivalent to any distribution), since the product 
does not have to be necessarily equivalent to a distributional object and even 
worse, in such cases the multiplication is not necessarily a mapping between 
equivalence classes of the given algebra elements {D'^'\{M)). The same holds 
about contraction. 

But even in such cases there can be a further hope. For example we can 
abandon the requirement that certain quantities must be linear (for example 
metric connection) and only some results of their multiplication are really 
physical (meaning linear). Then it is a question whether they should be 
constructed (constructed from the linear objects as for example metric con- 
nection from the metric tensor) through the exact equality or only through 
the equivalence. If we put the weaker (equivalence) condition, then there is a 
vast number of objects we can choose, and many other important questions 
can be posed. Even in the case the mathematical operations do depend on 
particular representatives of the equivalence classes there is no reason to be 
worried, in such situation it might be an interesting question if there are 
any specific "paths" which can be used to solve the physical equivalencies. 
The other point is, that if these operations do depend on members of those 
classes, then we can reverse this process, and for example in the case of mul- 
tiplication of two delta functions we can find their nonlinear equivalents first 
and then take their square, thus obtaining possibly an object belonging to 
an equivalence class of a distribution. 

As 1 mentioned in the introduction, these are not attempts to deal with 
physical problems in the random, ad hoc way. Rather 1 want to give the fol- 
lowing interpretation to what is happening: Physical differential equations 
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should be changed into equivalencies. For that reason they have plenty so- 
lutions ("solution" means any object fulfilling given relations) in the given 
algebra (after will be proven that covariant derivative is well defined for ex- 
ample for all the GTF elements, then it is the whole GTF algebra). It is 
much "more" solutions than it was in case of classical partial differential 
equations (but all the smooth distributions representing "classical" solutions 
of the "classical" initial value problem are there), but what is under the ques- 
tion is the possibility to formulate the initial value problem for larger classes 
of objects than D'^^{M) and D'™^,^^(M) (see the next section) and if this is 
possible than there is another question about the physical meaning of those 
solutions. But even in the case we get nonlinear objects as solutions of some 
general initial value problem formulation, it does not have to be necessarily 
something surprising, the case where physical laws are solved also by physi- 
cally meaningless solutions is nothing new. What is suggested to be usually 
a physically meaningful solution of the given equivalence is given by most of 
the distributive solutions (that is why classical calculus is so successful) , but 
they do not have to be necessarily the only ones. 

8.0.4 Interpretation of physical quantities 

Now there is another topic to discuss, the interpretation of physical observ- 
ables as ,, amounts" of quantities on the open sets is dependent on our notion 
of volume. So how shall wc get the notion of volume in such context? First, 
by volume we mean a volume of an open set. We will consider only the open 
sets belonging to some Q^ch though. Let us now assume that we have a met- 
ric tensor from D'^[M). This induces a (volume) 4-form. By volume of an 
open set Vt' C ^ch we understand an integral of this 4-form, multiplied by 
noncontinuous function which is equal to 1 inside Vt' and outside Vt' . Such 
a 4-form is definitely an object from C^{M) (particularly from [VLch))- 
The "amounts" of physical quantities we obtain, when our D'^{M) objects 
act on that resulting 4-form. 
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9 Some notes on initial value problem within 
the partial differential ~ equivalencies on 



In this section we want to complete our mathematical structure, to get a clear 
idea, how a physical problem can be clearly formulated in our language. As 
we see, the last part missing is a clear definition, what we mean by initial 
value problem in our theory. That is the purpose of this part of our paper. It 
is again divided into what we call "basic ideas" and "additional ideas". The 
first part is of a big importance, the second part is less important, it just 
gives a suggestion how to recover the classical geometric concept of geodesies 
in our theory. 

9.1 Basic ideas 

9.1.1 The approach giving the definition of the initial value prob- 



Take a hypersurface (this can be obviously generalized to any submanifold of 
lower dimension) C M, which is such that it is at some subatlas A' G A a 
piecewise smooth submanifold. A' is also such that 3^4' such that A' O A'. 

If we consider simply space of 3-form fields on that hypersurface sepa- 
rately from our space of 4-forms on M (we give up on the idea of relating 
them), we get certainly in two different cases important maps: 

Take the case of such D'^{M) objects, that at every chart from A' 
their associated (tensor) fields are defined everywhere on A^, apart of a set 
having any 3 dimensional L- measure on A^ equal to 0. At every smooth 
subatlas A' C A' we define the map from D'^^{M) to D'^{N) simply by 
embedding of the given associated tensor field to that D'^{M) objeccj to 
A^. This defines a tensor field on a piecewise smooth manifold A^ and in this 
way (as a map from 3-forms to integral from that 3 -form multiplied by the 
tensor field) an D'^{N) object. What remains to be proven is that at any 
smooth subatlas we map the same D'^{M) object to D'^{N), otherwise 
this formulation is meaningless. 

The other case is a map D';^^,^^{M) D'^^^,^^{N) {A C A'), defined in a 
simple way: The objects from -D^(^,q-)(M) are mapped simply as associated 
smooth tensor fields (in the previous sense) and the rest of distributional 

^^As we said the given D'^{M) object we can define by integral taken from a 4- form, 
being argument of this object, multiplied by this tensor field. 




lem 
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objects from D'^j^,^^M) is mapped through the fact that they are weak 
hmits of smooth distributions -0^^,^^ (M) (which is coordinate independent 

for arbitrary tensor distributions). This is achieved by embedding the smooth 
distributions first and taking the hmit afterwards (exchanging the order of 
operations). The basic conjecture is that if this hmit exists on M, it wiU exist 
on N (in the weak topology), by taking embedded smooth distributions. 

Now we can say that initial value conditions of (for example) second order 
partial differential equations are given by two distributional objects from 
D'^j^,^^{Ni), D'^Ia'o)^-^'^) on two hypersurfaces Ni, N2 (not intersecting 
each other) and the solution is a distributional object from the same class, 
which fulfills the ~ equation and is mapped as defined before to this two 
distributional objects. 

9.1.2 Useful conjecture related to our approach 

Note, that we can possibly (if the hmit commutes) extend this "initial value" 
approach through the D'^{A1) class to all the weak limits of those objects 
(if we take the weak topology). This means extension to the class of objects 
belonging to D'^[M), being for any chart from A defined on the whole 
C^{M) and the class being such that D'^{M) is dense there. 

9.2 Additional ideas 

9.2.1 "Null geodesic solution" conjecture 

Conjecture 9.1. Pick some atlas A' . Pick some GTF g^i, e D^g,^j^,^^{M), 
such that it has associated field to g^^, being a Lorentzian signature metric 
tensor field. Take some Q^ch and two spacelike hypersurfaces /Ji, Hi fl 
H2 = {0}, Hi n Qch 7^ {0}, H2 n ^Ich 7^ {0}, being such that there exist 
two points qi,q2, Qi ^ Hi H flch, q2 ^ H2 H flch separated by a null 
curve geodesies (relatively to a given tensor field associated to g^v), and 
the geodesies lies within flch- Construct a chart Chk{fich) £ A', which 
fulfills that both of the hypersurfaces are hypersurfaces (they are smooth 
manifolds relatively to A') given hy u = const, condition and given geodesies 
is representing M-coordinate curve. 

Take classical free field equation with equivalence: ^ (with g^'^ 

as previously defined). 

Then look for the distributional solution of our equation with the ini- 
tial value conditions being 6{Ch'i^{Qch H iJi),gi) G D'^^i^^^Hi) on first 
hypersurface and 6{Ch'l{Qch H -f^2),Q'2) ^ -^^a'o)(-^2) on the second hy- 
persurface {Ch'j.{Vlch H Hi), Ch'Kflch H H2) are coordinate charts being the 
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same on intersection of given hypersurface and Qch than original coordi- 
nates just with removed u). Then the solution of this initial value problem 
is a mapping (•^', ^1') which is such that it is in Chk{^ch) expressed as 
/ '^'^ / Hi ^'')) (where is image of qi in chart map- 

ping Chk{^ch) and ^' is density expressing ^ form in Chk{^ch))- 

We can formulate similar conjectures for timelike and spacelike geodesies, 
just exchanging point separation by null curve by separation by timelike or 
spacelike curve, and exchanging our equation by equation {Dg ± m^)$ ~ 
(m being arbitrary nonzero real number) with ± depending on which 
signature we take and whether we look for timelike or spacelike geodesies. 
All the rest should be the same. 

Some insight to our conjectures can be brought by calculating the mass- 
less case for fiat Minkowski space, using modified cartesian coordinates {u — 
X — ct, X, y, z). We get the expected results. 
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10 Relation to approaches described and to 
particular applications 

Our approach is in some sense a generalization of Colombeau approach from 
which is equivalent to canonical R"" approach. So for Qch, after picking 
some Ch'{Qch) ^ ^' ( which determines classes A"(M) related to those 
coordinates), and taking into account only C^, ^AQch) (A' C A) objects 
(hence considering D'J^^,^^{M) class only), we obtain from our construction 
the mathematical language used in [Ij. But all the basic equivalence relations 
from Colombeau approach have been generahzed first to D^|.^,^^(M) objects 
and second to appropriate subclasses of D^^(M) objects. 

Now there are certain statements in M", where one has to check whether 
they are not just a result of this specific reduction. A good example is a 
statement 

5 ~ -J— S (38) 

[H is Heaviside distribution obviously). The only thing we have to do is to 
interpret the symbols inside this equation geometrically. This is a relation. 
H is understood as a Z}|^,^^(M) element and defined on the manifold (one 
dimensional, so the geometry would be quite trivial) by integral containing a 
function on M given by inverse coordinate mapping substituted to H. The 
derivative is a covariant derivative along the smooth vector field, which is 
constant and unit in that fixed coordinates. Then 5 can be reinterpreted as 
6{Chk, q), where Ch^ is the given fixed chart which we are using and q is the 
point in our chart. Then the given relation holds also in our case, since 
it is obvious that (see our theorem 8.2 in the covariant derivative section) 
H' = 6{q, Chk) and 

H' = L{H)' = L{H''+^y ^ {H''+^y = {n + l) ff" H' (39) 

By L we mean here a regular distribution using the object in the brackets as 
a function under integral, hence in this case an object from D'^{M){ to avoid 
confusion in the notation, from how we used it, follows L{H) = H). This is 
a nice, but rather trivial illustration. 

This can be generalized to more nontrivial cases. Take the M" topological 
manifold. Fix the chart covering the whole manifold, where we can express 
Heaviside distribution as H{x) G D|^,^^(M), hence the hypersurface where 
it is nonsmooth is given at that chart by a; = 0. Now the derivative sign 
will be in fact a covariant derivative taken along a smooth vector field being 
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perpendicular (relatively to this metricQ) to the hypersurface on which is H 
in those coordinates (and in every others) noncontinuous. We easily see that 
the given covariant derivative of i7 gives a distribution (call it 5 G D|^,g)(M)) 
which is at that chart expressed as 

5($) = (^S{x), j ^{x,y,z...t)dydz...d?j (40) 

(the hypersurface where is H nonsmooth is expressed as x = obviously). 
In some sense this distribution reminds us the "geodesic" distribution from 
the part above. Then holds the above relation: 

ff« 5 ~ -J— S (41) 

This generalized form of our previous statement can be useful in case of 
computation with Heaviside functional metrics (computation of connection 
in fixed coordinates). 

But the considerations for example mean, that the result derived in canon- 
ical Colombeau algebras on M" by [4] can be achieved in our formalism as 
well. This holds also for geodesic computation in curved space geometry in 
[23]. 

The results derived in special Colombeau algebras (in geometrically non- 
trivial cases) are more complicated, since the authors use the strongest, 
yl°°(M") version of the theory and this is not contained in our particular 
chart representations (since we are using only y4"(M"') with finite n). It is 
obvious that the equivalences must work for this strong formulation (since 
obviously A°°{M) C A^lM) Vn G N), and uniqueness of distribution so- 
lution must hold as well, so at this stage there seems to be no obstacle to 
reformulate our theory by using A°°{Chk,q,flch) classes (and taking ele- 
ments from D'^^^^{M) at least), if necessary. But it is unclear whether one 

can make the calculations (provided by those authors) also in our weaker 
formulation. 

This strong formulation was used in the Schwarzschild case [15], but there 
is a problem. The fact that authors regularize various functions piece by 
piece should not be any problem in Colombeau theorjj^ll. But the problem 
lies as I already mentioned in the first part, in the use of formula for 
derived within smooth tensor field algebra. In fact it is clear, that if we want 



•^^Note that since it is fiat space it malces sense to spealc about a perpendicular vector 
field, since we can uniquely transport vectors to the hypersurface. 

•^^ Although the authors use in the first part, not being necessarily connected with the 
results, quite problematic embeddings. 
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to derive in that case Ricci tensor straight from its definition, we cannot 
avoid multiphcations of delta function by a non-smooth function, which is in 
Colombeau theory deeply non-trivial. 

In the other cases, the case of Kerr's theory and the case of conical space- 
times theory, this problem appears as well and as a consequence of that, 
results are moUifier dependent, not being consequences of our theory in the 
strict sense anymore (but there is no reasonable mathematical theory where 
they make better sense). This means that the better understanding of these 
results will be necessary. By better understanding provided by our theory 
we mean derivation of these results by a net of equivalencies, by taking some 
quantities to be nonlinear. So these results should follow from our basic 
principle, saying that the equivalencies are the fundamental part of all the 
mathematical formulation of physics. 

11 Conclusions 

The main objectives of this work were to build foundations of a mathematical 
language, which would reproduce the old language of smooth tensor calculus 
and extend it in the same time, where it is appropriate. The reasons for these 
objectives were given at the beginning of this paper. This paper is a first 
step to such theory, but it already achieves its basic goals, so these results 
we consider as worthwhile independently on the fact how successful the later 
work on that topic will be. 

Just to summarize, the result of our work is a theory based purely on 
equivalencies instead of equalities, using a well defined concept of generalized 
tensor field and the covariant derivative operator, which is well defined at 
least on the proper subclass of generalized tensor fields. We also defined 
(using some conjectures) what we mean in our theory by initial value problem 
for partial differential equivalencies. Our theory naturally relates to many 
results beyond the classical smooth tensor calculus, already derived. 
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